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Exercise Booklet 7 


1 Revision of 
integration methods 


Exercise 1 


Find each of the following integrals by first 
modifying the integrand and then using the 
table of standard indefinite integrals. 


5 ] zx (b) ] eas 


7 sin? x 
(c) 1 9x2 +1 ds e / cos? a es 


1 
sin g tan g 


Exercise 2 


Use integration by substitution to find the 
following integrals. 


(a) f aed (b) / a 
(c) [se (d) [PX a 


(e) / asc ade 


(f) f wae e E f =i 


(Hint for part (g): start by writing the 
integrand in the form 

‘constant + algebraic fraction’. To do this, 
first write the numerator as e?* + 1 — e?”.) 


Exercise 3 


Use integration by substitution to evaluate 
the following definite integrals. 


v/2 
(a) f SOR dz 
o 4+sinz 


(b) f e FYE 2) dz 


Exercise 4 


Use integration by parts to find the following 
integrals. 


(a) I ends W ri wel? dg 
(c) [ e- ne «2a: 
(d) f Jio q / s! (nz)? dz 


2 Partial fractions of 
proper rational 
expressions 


Exercise 5 
Find the partial fraction expansions of the 
following rational expressions. 
4x- 1 

© Gane 

r+5 
3(1 — 2z)(1 + x) 

4r +8 

() [G24 2)@—2) 

5z? +3a+4 


(b) 


(d) 


Exercise 6 


Find the partial fraction expansions of the 
following rational expressions with repeated 
linear factors. 


3x2 +2 rci 
Uce © Gis 
2x? +3 
(c) (x + 1)8 


4 Graphs of rational functions 


Exercise 7 

Find the partial fraction expansions of the 
following rational expressions, each of which 
has a quadratic factor in the denominator. 


tpa 
ET, 
2 
Gir 
zi? rcl 


(c) z(2z? + 3x + 2) 


Exercise 8 


Use partial fractions to find the following 
integrals. 


(a) | ze 


z2—2:—2 
2 
r^—3r—9 
b = d 
( f 3——— d 


6x? — x + 30 
(c) / n+ 3) 4-9) 7" 


3 Partial fractions of 
improper rational 
expressions 


Exercise 9 

Use polynomial long division to write each of 
the following improper rational expressions as 
the sum of a polynomial expression and a 
proper rational expression. 


82? — 62? +r +5 
(a) —————— 


2r +1 
(b) 22? + 3z? — 3x 4-1 
z?--1 
8z* + 152 — 30 
SENI Nd 


Exercise 10 


Find the partial fraction expansions of the 
following improper rational expressions. 


COE imis iu (b) r? + 327 — 32-11 
^ x(a +1) xr? + 3x —4 
Exercise 11 


Find the following integrals of improper 
rational expressions. 


zg? +1 ie 


4 Graphs of rational 
functions 


Exercise 12 


Find the domains of the following rational 
functions. Express your answers using interval 
notation. 


z2 
(a) k(x) = — (b) f(z) = (x lys 
(c) g(x) = PONE m —4 
3 
iuis 222 + 3x 
Exercise 13 


Find the intercepts of the following rational 
functions. 


d f&0) - cm 

(b) g(a) => 

O -zy O We) = EE 
(©) (9) - 2— 
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Exercise 14 
Consider the rational function 
2 
xu +T 
k(x) = . 
(7) 14-3 


(a) Find the coordinates of the stationary 
points of k. 


(b) Determine the intervals on which k is 
increasing or decreasing. 


(c) Determine whether each stationary point 
of k is a local maximum, a local minimum 
or a horizontal point of inflection. 


Exercise 15 


For each of the following rational functions, 
write down the equations of its vertical 
asymptotes and determine the behaviour of 
the function near these asymptotes. 


r? 
() ple)= gn (b) ka) = TS 
(c) g(x) = ew 


Note: for part (b) you can use the solution to 
Exercise 14(b). 


Exercise 16 


For each of the following functions, determine 
its asymptotic behaviour as z — oo and as 

x — —oo, and find the equations of any 
horizontal or slant asymptotes. 


1 — 2z? Ag? —1 
@) (=> 0) fG)- ZI 
824 + 1623 + 72 — 11 
(O Ie) =~ gaa 
Exercise 17 


State whether the following functions are odd, 
even or neither. Give a reason in each case. 


(a) fG)-i?-s (b) fle) == +2 


215 — 3? +1 
() f@) = 


Exercise 18 


Sketch the graphs of the following rational 
functions, by following the strategy ‘To sketch 
the graph of a rational function’ that is given 
in Unit 7 and also in the Handbook. 


(3) f@)=— 
0) f&) = -= 
(4) fe) =z 


5 More integration 
methods 


Exercise 19 


Use suitable trigonometric identities to find 
the following integrals. 


(a) f c0s(22) eos dx 


(b) I sin? x cos! x dx 


cot £ 
— d 
(c) ] " 


Exercise 20 


Use suitable trigonometric substitutions to 
find the following integrals. 


XE Ceu 


1 


7 Choosing integration methods 


Exercise 21 


Find each of the following integrals by 
rearranging the integrand and then using a 
suitable substitution. 


(Hint: in all three cases it may help to 
complete the square.) 


1 
(a) ae 
(b) v3 | 
ae 
z-43 


rerom 


(x > —1) 


6 Hyperbolic functions 


Exercise 22 


Find the following values of sinh x, cosh x and 
tanhz. A calculator is not needed for 

parts (a) and (b). In parts (c) and (d), give 
your answers to four decimal places. 

(a) sinh(In2) (b) tanh(In 3) 


(c) cosh(—5) (d) sinh 1 2 


Exercise 23 

Prove the following identities. 

(a) sinh(2z) = 2sinh z cosh x 

(b) coth? x — 1 = cosech? x 
2tanhx 


tanh(2x) = ————— 
ch ena) 1+ tanh? x 


Exercise 24 

Differentiate the following functions. 
(a) f(x) = tanh(2x) 

(b) f(x) = sinh z tanh z 

(c) fla) = eh 


Exercise 25 


Find the following integrals. 
(a) f cosh(2z + 3) dz 


(b) f ete ade 
(c) l Théa: 


Exercise 26 


Use suitable hyperbolic substitutions to find 
the following integrals. 


1 
a) | 
9) |- Ed 
Vist 1 z2 


Hint: write 4x2 — 1 as 4/4 (x2 — 1). 
4 


—— 
va? + 


(c) 


1 Choosing integration 
methods 


Exercise 27 


Find the following integrals. 


(8) nz DERE I 


) | vox ar 


1 
(f) | zu 


3 
4 
(h) | zu 
z?--2r +1 


(c) / dog ds 


(8) M aia 


)sin(3x) dz 


sf (2x) cos(2x) dx 


aot 
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Solutions to exercises 


Solution to Exercise 1 


1 —(3—-2x 
(a) fms [e^ ) dx 


(b) ] eras 
aje. (x? + 2z + 1) dz 
= [e ons +21) ae 
= 2g1/2 4 45/2 4 2343/2 4 c, 
(c) | zi] oer 


—7xitan !(3z)-c 
= itan !(32) + c. 


E 
(d) [Shee fmi nas 
cos? x 
= n — 1) dz 


= tan z — xz +c. 


J 
= [ (+242) ax 


— ln [z| + 2a + 2x? +c. 


1 1 1 
(f) J — — — da — 1 T dz 
sin g tan x sin x tan xz 


= n cosec x cot z dx 


= — cosec x + c. 


Solution to Exercise 2 


d 
(a) Let u = x3; then C = 3a?. So 
dx 


[59 dz = ] 49 dx 
= fe du 


=e" +c 


3 
=e” +e. 


d 
(b) Let u = 3x? +5; then T = 2". So 
zr 


/ = i-i] : (92?) da 
3r3+5 " 9 f 323345 


1 


= iln|u| +c 
= in [32? + 5| + c. 


d 
(c) Let u = z — 2; then c Also, 

dz 

X —u-42. So 
3x u 1 2 
—— dr-3 
I vu 
=3 [qe 4-2u71/2) du 
= 2u3/? 4 1247? + c 
= 2/u(ut+6)+e 


du 


—2yz —2(x--4)-cc. 
du 1 
L = nz; then — = -. 
(d) Let u 2Inz; t Mo: So 


f SW a - fina? (i) da 
= f eau 


d 
(e) Let u = 2x — 3; then -eR Also, 
da 
x = (u +3). So 
[ 273a 
=} | ota s 
=} f c3) du 


=} fw? eau?) du 
4 (20 5/2 93/2) + ¢ 
= 4u 3/2(u +5) +c 
E(w +1)(22 — 3)? + c. 


d 
(f) Let u = x? — 4; then T 2 22. So 
dz 


f pee T 
=i f cos(z? E (2x) dz 


= i f cosudu 


isinu+c 
1 


= isin(z? — 4) + c. 


(g) We use the hint given in the question: 


The first wn is 


[1e 


For the second integral, let u = e?” + 1; 


then a = 2e?*. So 
dx 


= $ln|ul+c 


= į ln(e +1) +c. 


Solutions to exercises 


Adding these integrals and continuing to 
use the symbol c for the resulting 
arbitrary constant gives 


1 
| marie 


Solution to Exercise 3 
d 
(a) Let u = 4 + sin z; then M = coss. 
da 
Putting x = 0 gives u = 4 + sin 0 = 4, 


and putting x = 7/2 gives 
u = 4 + sin(1/2) = 5. So 


T/2 
f ee di 
o 4-sincz 
7/2 1 
x (i) cos x dx 
0 44 sinx 
5 
1 
e — du 
4 U 


= [nju]? 
=In5—In4 
=In3 


d 
(b) Let u = x + 2; then m — ]. Also, 
T 
y -—u-—2,so2x-4-1-2u-—93. 
Putting r — —2 gives u — 0, and putting 


x = —1 gives u = 1. So 


f e yeti’ de 


=2 


1 
=l (2u — 3)u? du 
0 


1 
=] (2u4 — 3u?) du 
0 


2,5 3,4]! 
u u lo 


Exercise Booklet 7 


(c) 


d 
Let u = 3 + e”; then a e”. 
dx 


Putting x = 0 gives u = 3 + e? = 4, and 
putting z = In 6 gives u = 3 + el^ = 9. 
So 


Solution to Exercise 4 


(a) Integrating by parts gives 


/ 2x sec? x dx 


= SE x tan zdr 


= 2(rtanz + ln |cos z|) + c. 


(b) Integrating by parts twice gives 


f z2e*/? dx 


=r? x 267/2 fon x gef de 


= 2g?e®/2 — 4 f ver? dx 


= ase La (sx ae — f scaeaz) 


= 232e*/? — 8ye*/? + 1667/2 +c 
= Qe7/? (z? — Ay + 8) + c. 
Integrating by parts gives 


ic ~1)(@ + 2)4 da 


=(e-1)x 25- fx tea) de 


= (x — 1)(£ + 2)? — (£ +2) +e 
= $ (z +2) (6(z — 1) — (+ 2)) +c 
= (z 4-2) (5x — 8) + c. 


(d) We cannot integrate In z, so we must 
differentiate ln x and integrate x. 


Integrating by parts gives 


rzlnzdz 


= nc z)z dx 


= iz? Ing — 4 (3a?) tc 
= Iz? (21nx — 1) + c. 
(e) We cannot integrate In z, so we 


differentiate (In z)? and integrate z?, and 
integrate by parts twice: 


E 
= fa? x z? dz 


1 
2 1.3 1,3 
-4 (Ime x fe - [oxte ar) 
Ine)? - $i me +3 f a? dz 
Ing)? — 22° Ina + za? +c 
= i? (9(Inx)? — 6Inz +2) +c. 


Solution to Exercise 5 


Any of the three methods of finding partial 
fractions can be used here: equating 
coefficients, substituting values or the 
cover-up method. Each of these solutions 
shows a different method. 
(a) We have 
4r—1 _ A " B 
(zr--1)(r—4) z+1 2-4’ 
where A and B are constants. 
Multiplying both sides by (a + 1)(x — 4) 
and collecting terms gives 
Ay — 1 = A(x — 4) + B(x + 1) 
= (A + B)z + (—4A + B). 


Comparing coefficients of the terms in x 
and the constant terms gives 


A+B=4, 
—4A + B = —1. 


Subtracting the second equation from the 
first equation gives 


5A4—5, so A=1. 
Substituting A — 1 into the first equation 


then gives 
B=4-1=8. 
Hence 

4-1 1 , 3 
(zr--1)(r—4) «+1 2-4 
(Check: when x = 0, LHS = ix = 1 
and RHS = 1-3; = }.) 

(b) We have 
£+5 A B 


iG, aor Toa! 
where A and B are constants. 


Multiplying both sides by 
3(1 — 2x)(1 + x) gives 


x -5-—3A(1- x) -3B(1-— 2z). 
Choosing x = i gives 


4+5=3Ax (1+5), 


SO 


11 9 
3 = 3A, 


thus A = 3. 
Choosing x = —1 gives 

—1 +5 = 3B x (1—2 x (-1)), 
so 

4= 9B, 
thus B = 3. 
Hence 


r5 11 4 
= orh 


3(1-2r)(1+a2) 9(1-2r) 9(1+2) 


(Check: when z = 0, LHS = —2— = 2 


3xIxl 3 
and RHS = 4H; +54 - 32-2) 
(c) We have 
4r + 8 A B C 


z(3z + 2)(x — 2) CES UC a 


where A, B and C are constants. 


Solutions to exercises 


Using the cover-up method with x — 0 
gives 

4x0+8 = 8 
(83x0+2)(0—2) 2x(-2) 


= = —2. 
Using the cover-up method with « = —4 
gives 


16 

9 a 

=n? 
9 


Using the cover-up method with x = 2 
gives 
Ge i, 
2(3x2+2) 2x8 
Hence 
Az +8 
z(3z + 2)(x — 2) 
2 4 3 1 
r 3242 2-2 
(Check: when x = 1, 
= 12 —_12 
LHS = 1x5x(-1) FAT and 
— 213 1 _ 12 
RHS = -4+ š+ 3 =) 


(d) We have 


5a? + 3r + 4 
(x — 1)(2x + 1)(a + 2) 
A B C 
z—1 2+1 z-2 
where A, B and C are constants. 


Using the cover-up method with x — 1 
gives 


5x 1?4+3x14+4 12 4 


(2x1+1)(1+2) 9 3 


Using the cover-up method with z = —4 
gives 


Using the cover-up method with zr = —2 
gives 


5 x (—2)? +3 x (—2)+4 18 


T7ueS-DUXCIX1) EE de 


5z? + 32 +4 
(2 — 1)(2x + 1)(z + 2) 
4 5 2 


3(a — 1) a+) z42 
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(Check: when x = 0, where A and B are constants. 
“= PIED =e Using the cover-up method with x = —3 
RHS = ai - pa + $= -2:) gives 
Solution to Exercise 6 B= = E 
(a) We have So 
ox + 2 zl A 2 
(z — 1)(z 4-2) (r-39 x43 (r43) 
A B C 


= ra ny Multiplying both sides by (x + 3)? gives 
r—-1 z-42 (r-42) 
z41-A(x-43)-2. 


where A, B and C are constants. 


Substituting x = 0 gives 
Using the cover-up method with x = 1 E z 


gives 1=3A-2, so A=1. 
3x14+2 5 Therefore 
A — LL = -. 
0-2? 9 zl o i 2 
Using the cover-up method with x = —2 (r3)? xr+3 (x43) 
gives (Check: when x = 0, LHS = 4 = $ and 
|.3x(-2-*42 4 RHS = $- 4 =3.) 
(2-1) 3 (c) We have 
me 2743 A B C 


(r--19 xr+1 (x1)? (Œ+? 


where A, B and C are constants. 


5 B 4 
= 9(x— 1) B r+2 + 3(a 4-2)? Using the cover-up method with x = —1 
Multiplying both sides by gives 
9(x — 1)(x + 2)? gives ou 2X (-1) +3 = 
9(3x + 2) 1 
= 5(z +2)? + 9B(a + 2)(z — 1) + 12(a — 1) Therefore 
" 22? -- 3 T A B 5 
rapi MH (057241! (1b eI 
18—5x2^--0B8 x 2x (-1)-- 12 x (—1), Muko boti ide by Gea)? pias 
>o 22? +3 = A(z +1) + B(z +1) +5. 
eS Substituting x = 0 gives 
ns 3=A+B+5, so A-B—-2. 
Mee Substituting x = —2 gives 
So B = -$. Therefore 11=A-B4+5, so A-B=6. 
aac e Adding these two simultaneous equations 
qoe gives 
-e dut 2A=4 A=2 and B=-4 
| 9(-1) 9(z-2) 3(z42) =4, so A=2 an =—4, 
(Check: when z = 0, LHS = —L- = =i Therefore 
ARS 2 544.9 1) a?+3_ 2 4 | 5 
A Uu B4 SE uA (19 ^ z-1 (x41? (e-1* 
LE (Check: when z = 0, LHS = = — 3 and 


c+1 A B RHS =7 Saas = 3.) 


(z +3)? — 248 (z + 3)?’ 


10 


Solution to Exercise 7 
(a) Since 
(-3)? -4x1x4=-7<0, 
the quadratic expression x? — 3r + 4 
cannot be factorised. So 
r+3 
(a — 1)(z? — 3x + 4) 
A n Be+C 
r—-1 22-3244’ 
where A, B and C are constants. 


Using the cover-up method with x = 1 


gives 
143 
A= Cr Oy 
So 
t3 
(a — 1)(z? — 3x + 4) 
2 Ba+C 


r—1 Mi mE. 
Multiplying both sides by 
(x — 1)(z? — 3x + 4) gives 


xr +3 = 2(x° — 3x + 4) + (Bz + C)(z — 1). 
Substituting x = 0 gives 

3=84+Cx(-1), so C=5. 
Substituting z = 2 and C = 5 gives 

5 = 2(2? — 3 x 2 + 4) + (2B + 5) 


=4+2B+5, 
so 2B = —4 thus B = —2. 
Therefore 

r4-3 

(a — 1)(z? — 3x + 4) 
| 2 5— 2r 
| rz—1 z2—3xz404 

. u QUE TERN 
(Check: when z = 0, LHS = 34 = —1 
and RHS = 4 — =2 =-3.) 


(0)? -4x1x2=-8<0, 


the quadratic expression z? + 2 cannot be 
factorised. So 
2 _ A Ba+C 
(cH 29) ael unge 


where A, B and C are constants. 


Solutions to exercises 


Using the cover-up method with x = 3 
gives 


2 2 
A=- = 
3? +2 11 
So 
2 2 Br+ C 


-3e Me- 240° 
Multiplying both sides by 
11(x — 3)(x? + 2) gives 
22 = 2(£? + 2) + 11(Bz + OG — 3). 
Substituting x = 0 gives 
22 =2 x 2+ 11C x (—3) 
= 4 — 33C, 


Substituting r = 1 and C = -$ gives 


22 =2x3+11(B+(-)) x (-2) 


— 6 — 22B +12, 

4 | 2 
soB—-—5-—-i. 
Therefore 

2 u 2 2x 4-6 

(x — 3)(z2? +2) 11(z—3) 11(z2 +2) 

(Check: when z = 0, LHS = — = -i 

= 6 _ 22 1l 
and RHS = x — — ma = ~ 86 a 


Since 
3?—4x2x2=-—7<0, 
the quadratic expression 2x? + 3x + 2 
cannot be factorised. So 
z?-z4l "m Br+ C 
z(23?--3r--2) x  2g2+3r+2 
where A, B and C are constants. 
Using the cover-up method with x — 0 
gives A = ;. So 
e+r+1 1 Bret+C 
z(2z3?--3r--2) 2x 2x? 43:42 
Multiplying both sides by 


2x (2x? + 3x + 2) and collecting terms 
gives 


2(z? +z +1) = 22? + 3x --2 --2x(Bx +C), 
so 

2g? + 2r +2 = (2 + 98)2* + (2C + 3)z + 2. 
Comparing coefficients of x? gives 


9=242B, so B=0. 


11 
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Comparing coefficients of x gives 
2=20 +3, so C—-1. 
Therefore 
v+etl 1 1 


a(Qx2+3a+2) 2x 


(Check: when z = 1, LHS = 2 and 
RHS=5-7=4=2,) 


1 
2 1 14. = Ts 


Solution to Exercise 8 


(a) We have 
2r- —— 22 —7 
r?—xr—2 (2 —2)(2+1) 
A B 
"aen acq 


where A and B are constants. 


Using the cover-up method with x — 2 


gives 
2x2— 
jue uu 
2+1 
Using the cover-up method with z = —1 
gives 
a a 79 4 
—1-2 —3 
So 
2r— 7 1 3 


z2r? qe rl 
(Check: when z = 0, LHS = = = £ and 
RHS = -4 +ł2=4}+3=%.) 
So 
2x —7 
—.—- d 
[woo i 
1 3 
/( r-2 ue 
1 1 
--fzueefiuie 


= —In|z - 2| + 3ln|v + 1] +c 


1)3 
p 
(b) We have 
x? — 32-9 _ z?—3r—-9 
r3 —6224+92 x(x —3)2 
EL on B n C 
t€ z—-3 (x-3) 


where A, B and C are constants. 


12 


2(2z? + 3r +2) 


Using the cover-up method with x — 0 
gives 
—9 
A -——-—-1. 
ps9? 


Using the cover-up method with x — 3 


gives 
2 
_3 SxS? = 8. 
So 
z?— 32-9 | 1 B 3 
G(r-3] ^ sz z-3 =y 


Multiplying both sides by z(x — 3)? gives 
x? — 3x — 9 = —(x — 3)? + Ba(a — 3) — 37x. 


Substituting z = 1 gives 
1?—3x1-9--(-2) + B(-2) - 3x1, 


sO 


11 = —4 — 2B — 3, 
thus 
—4 = —2B, 
hence B = 2. 


Therefore 
r? — 3a" —9 1 2 3 


r3 — 6r? +9 zr £-3 


(Check: when z = 1, LHS = —+4 and 


RHS = -++4,-2=-2-2=-4) 
So 
x? — 34 —9 
oa um 
1 2 3 
= —— RIT EMIL d 
J 757-3 eg) d 
3 
= —]n|z| + 2ln |z — 3| + —— + c 


r—39 
(z - 3) 
x 


+ 2 + 
— +c. 
1r—39 


— |n 


(c) The expression z? 4- 9 cannot be 
factorised. So we have 


6x? — x 4- 30 EE Bau+C 
2(93z -3)(z2--9) 2r+3 #249” 


where A, B and C are constants. 


Using the cover-up method with x = -3 
gives 


So 
6x? — x + 30 2 Br+ C 
oo S OSO + . 
2(2r4-3)(z3?-9) 2x43 4749 
Multiplying both sides by 
2(2z + 3) (z? + 9) gives 
6x? — x + 30 
= A(x? + 9) + 2(Bz + C)(2x +3). 
Comparing coefficients of x? gives 


6=4+4B, 


so 4B = 2 and hence B = i. Comparing 
constant terms gives 


30 = 36 + 6C, 
so 6C — —6 and hence C — —1. Hence 
6a? — x + 30 2 iq] 


arer) 3043 049) 
that is, 

6x? — x + 30 EUN r—2 
2(2e+3)(22?+9) 2x3  2(x?49) 
(Check: when z = 0, LHS = 4:525 = 3 
and RHS = 2-z2—-$-$-$) 


9 9 
So 
| 6x? — x + 30 
—— dr 
2(2x + 3)(x? + 9) 
2 x 
MEI EI 


1 
-Jz dz. 
xl +9 


The first integral on the right-hand side is 


2 
| zin dme e3 ee 


= In|2z + 3| +c. 


Solutions to exercises 


For the second integral on the right-hand 
side, let u = x? + 9; then T = 2x. So 
z 


x 1 2x 
| zs 97i] en 


1 1 
uie 
= Hnj|u| +e 
iln|z? +9|+c 
= iln(a? +9) + c. 


The third integral on the right-hand side 
is 


i 1 1 
- at=- ue 
E 9J (2)? +i 


= -4 x 3tan7! (2) +c 


d -1/% 
= — 3 tan (=) +c. 


Adding these three integrals, and 
continuing to use the symbol c for the 
resulting arbitrary constant, gives 


f 6x? — z + 30 d 
Lue cd 
2(2x + 3)(z? + 9) 


= In|2x + 3| + 4 ln(z? + 9) 


Solution to Exercise 9 


Az? — 5x +3 
on +1[8a9— 6x? + 245 
8x? + Ax? 
— 1027+ r45 
— 10z? — 5x 
6x 4-5 
6x 4-3 
2 


So the quotient on dividing 
82° — 6x? + x +5 by 2z + 1 is 
Ax? — 5g + 3, and the remainder is 2. 
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(Check: 
(4x? — 5x + 3)(22 +1) +2 


= 82? + Az? — 102? — 5x + 6x +3 +2 


= 8z? — 6z? +245.) 


Therefore 
81? — 67? +r +5 
2r 41 
= 4a” — 5a + 3+ 5. 
(b) 2x +3 
z?--O0r4-1| 22? + 327-3241 
22? + Ox? + 2x 
327 —5a+1 
327 + 0x 4-3 
—51—2 


So the quotient on dividing 


22? + 3x? — 3x + 1 by z? + 1 is 22 +3, 


and the remainder is —5z — 2. 
(Check: 
(2x + 3)(z? +1) + (—5a — 2) 


= 2x? + 2x + 3x? +3 — 5x — 2 


= 2g? + 32? — 32 + 1.) 


Therefore 
23? + 3x? — 3x +1 
z? +1 
=2gr +3- ie 
z? 41 
(c) Ag? + 2x — 


223? — x +4] 82^ -- 0x? + Ox? + 15x — 30 


8x4 — 4x? + 162? 


4x? — 162? 
Ar? — 2g? + 
142? 


— 1427+ 7x — 28 


So the quotient on dividing 


8zt + 152 — 30 by 2237 — xz +4 is 
Az? + 2x — 7, and the remainder is —2. 
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(Check: 
(4a? + 2z — T) (22? — 2 +4) —2 
= 8z* — Ax? + 16x? + Ax? — 23? + 8x 
— Mz? + 7x — 28 — 2 
= 8a* + 15x — 30.) 


Therefore 
8z* + 15x — 30 
23? — rp -4 
2 
= 4r? 4+ 22 — 7 — 


2132 —-z+4 


Solution to Exercise 10 


(a) We have 
r? —Ar +1 _@—4¢41 
x(x +1) r? +r 
1 
£? +r |z? —4r+1 
r? + x 
— 5r +1 


So the quotient on dividing x? — 4x + 1 
by x(a + 1) is 1, and the remainder is 
—5a +1. 


Therefore 
z?— 4r 41 1— 5z 
x(x +1) s z(xz--1) 
Now 


]-5r A " B 
z(r-1) z zl 
where A and B are constants. 


Using the cover-up method with x — 0 
gives A = 1, and using the cover-up 
method with x = —1 gives B = —6. So 


1— 5r 1 6 


r(r-1) 2 zl 


Hence 
zr? —4r+1 | wd 6 
a(a+1) x rcl 


(Check: when z = 1, LHS = = = -1 
and RHS = 1 +1- £ = —1.) 


T 

T? + 3x — 4 | z’ + 3x? — 3x — 11 
x? + 32? — Ax 

x— 11 


So the quotient on dividing 


r? + 327 — 3r — 11 by z? +32 — 4 is z, 


and the remainder is z — 11. 


Therefore 
r? +32? — 3r -11 — 2-11 
x? +32 — 4 TAT Apei 
Now 
x— 1l u r—1l 
r? +3r—4  (xr--4)r- 1) 
_ A B 
“Rid gc 


where A and B are constants. 


Using the cover-up method with x = —4 


gives 
—4— 11 
mper rum 
Using the cover-up method with x = 1 
gives 
ded. us 
1+4 l 
So 
x— 11 3 2 
12? 43r—4 r44 z- 
Hence 
x? + 3x? — 3x — 11 3 2 
z? +3 — 4 H r+4 r-l 


(Check: when z 20, LHS = = = 4 


and RHS = 3-4 =342=4) 
Solution to Exercise 11 
(a) We have 
x? +1 _ z?-41 
z(r--3)  z?-c-3c 


1 

z? + 3x |x? +0xr +1 
z? + 3x 

— 3241 


So the quotient on dividing x? + 1 by 
x(x +3) is 1, and the remainder is 
—3x + 1. Therefore 


etl. 1-32 
z(r-3) x(x +3) 
Now 


1— 32 A B 


x(x + 3) ra 


(b) 


Solutions to exercises 


where A and B are constants. 


Using the cover-up method with x = 0 
gives A = i. 


Using the cover-up method with r = —3 
gives 


B= L——— 
—3 3 
So 
1-3r 1 10 
z(r43) 3r  3(x43) 
Hence 
241 1 1 
Eu NE NE NEN M 
x(x 4-3) 3x 3(x+3) 
(Check: when x = 1,LHS = 2 = $ and 
= 1 10 a 
RHS =1+35- 3x155 = 3°) 
So 
z? +1 
d 
leas 
1 1 
-[(i ze 
3x 3(x+3) 
=g +4ln|e|- £In|e+3|+c 
= t + tn |— Z +c 
i 37 | (x +3)! l 
xz? + 2z +3 


z? — 2x + 1 | z* +02? + 0r? +02 +0 


rt — 23 + g? 


223 — x? 

22? — 4a? + 2x 
3r? — 2x 
327 — 6x + 3 


4r—3 


So the quotient on dividing x^ by 
x? — 2x + 1 is z? + 2x + 3, and the 
remainder is 4x — 3. Therefore 


z^ 2 4r — 3 
z-2r:41 ^" TEMO UIT 
Now 
4g-3 42-3 
z?—2r-1 (#—1)? 
_ A B 
>z "cq 


where A and B are constants. 
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Using the cover-up method with x = 1 
gives 


So 
4r-3 A " 1 
(r-1? z-1 (x-1)? 
Multiplying both sides by (x — 1)? gives 
4x — 3 = A(x — 1) + 1. 
Substituting x = 0 gives 
—-3=-A+41, so A=4. 


Hence 
4r-3 — 4 " 1 
(r-1? zx-1 (x-1) 
So 
4 
T 2 
NEL SENE 2 
oop AS 
4 1 
+— + 


r—-1 (x-1) 


(Check: when x = 0, LHS = 0 and 
RHS = 3+ 4 + cg =3-4+1=0.) 


Therefore 


4 
| nY 
xz? — 22 +1 


-f 2? +22 +3+—— + ——, J de 
7 r—-1 (#-1) 

1 
= ia? + g? + 3x c Aln | — 1] - —— +e. 


r—1 


Solution to Exercise 12 


(a) The denominator x + 3 of k(x) is 0 when 


x = —3, so that value must be excluded 
from the domain. Therefore the domain 
of k is 


(=00) —3) U (-3; oo). 
(b) The denominator (x + 2)? of f(x) is 0 


when x = —2, so the domain of f is 
(—oo, —2) U (—2, oo). 
(c) We have 
z x 
glz) = 


z?—3r—4  (xr—4)x-1) 


The denominator of g(x) is 0 when x = 4 


and x = —1, so these values must be 


excluded from the domain. Therefore the 


domain of g is 


(—oo, —1) U (-1,4) U (4, oo). 
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(d) We have 
h(a) 


The denominator of h(x) is 0 when x = 0 
and x = —3, so the domain of h is 


(co, 3) U (-3,0) U (0, 00). 


3 3 


~ 222 +32  z(2z4-3) 


Solution to Exercise 13 


. . qr 3 

(a) The y-intercept is f(0) = 1. 
The equation f(x) — 0 has no solutions, 
so there are no z-intercepts. 

(b) The y-intercept is g(0) — 0. 
'The z-intercepts are the solutions of 
g(x) = 0. Multiplying both sides of this 
equation by x? — 3x — 4 gives x = 0. So 
the only x-intercept is 0. 

(c) Since x = 0 is not in the domain of h(x), 
there is no y-intercept. 
The equation h(x) = 0 has no solutions, 
so there are no z-intercepts. 


(d) The y-intercept is k(0) = £. 


'The z-intercepts are the solutions of 
k(x) = 0. Multiplying both sides of this 
equation by x + 3 gives 


g*3 7 
'This equation has no solutions, so there 


are no z-intercepts. 


(e) The y-intercept is 1(0) = —3. 


The z-intercepts are the solutions of 
I(x) = 0. Multiplying both sides of this 
equation by 3 — x gives 2x — 5 = 0, so the 
x-intercept is r = 5, 
Solution to Exercise 14 
(a) By the quotient rule, 
ra= (x + 3)(2x)— (zx? - T) x 1 
(a + 3)? 
xr?’ +62 —7 
(x + 3)? 
(x + T)(x — 1) 
(x + 3)? 
Multiplying both sides of the equation 
k'(x) = 0 by (a + 3)? gives 
(a+ 7)(z — 1) =0. 
So the stationary points of k are —7 
and 1. 


(b) 


Since 
(-7)? +7 
k(—T) = ———— = - 14 
(77) —74+3 
and 
IT 
k(1) = =) 
2 1+3 f 


the coordinates of the stationary points 
are (—7, —14) and (1,2). 


For reasons of space, the following table 
of signs for K'(z) is split into two parts. 


Hence & is increasing on the intervals 
(—oo, —7) and (1,00), and k is decreasing 
on the intervals (—7, —3) and (—3, 1). 


Since k is increasing to the left and 
decreasing to the right of the stationary 
point —7, we deduce that —7 is a local 
maximum of k. 


Since k is decreasing to the left and 
increasing to the right of the stationary 
point 1, we deduce that 1 is a local 
minimum of k. 


Solution to Exercise 15 


Vertical asymptotes of a rational function f 
occur at values of z at which the denominator 
of f(x) is zero. 


(a) The denominator 22? of p(x) is 0 when 


x — 0, so the line x = 0 is a vertical 
asymptote of the graph of p. 


We have 


3 3 
P(t) = 5-5 = àv , 


(c) 


Solutions to exercises 


sO 


pz) = 32 = -2 


-> 
T 

To the left of z = 0, the value of p'(z) is 

positive, so p is increasing. 

To the right of x = 0, the value of p'(x) is 

negative, so p is decreasing. 

'Therefore the behaviour of the graph of p 

near x = 0 is as sketched below. 


aS 


| 
| 
| 
qa — 0) 


The denominator x + 3 of k(x) is 0 when 
x = —3, so the line x = —3 is a vertical 
asymptote of the graph of k. 


From the table of signs in the solution to 
Exercise 14(b), we see that k is 
decreasing to the left and right of 

x = —3, so the behaviour of the graph of 
k near x = —3 is as sketched below. 


The denominator of g(x) is 

x? — 32 — 4 = (x — A)(x + 1) (as in 
Exercise 12(c)), which is 0 when z = —1 
and x = 4, so the lines x = —1 and z = 4 
are vertical asymptotes of the graph of g. 


By the quotient rule, 


f= (x? — 3x — 4) x 1— z(2x — 3) 


(zx? — 3x — 4)? 
O r? +4 
(x? — 3x — 4)? 


The expressions x? + 4 and (x? — 3x — 4)? 
are both positive for all values of x in the 
domain of g, so g'(x) is negative and g is 
decreasing on either side of each of the 
vertical asymptotes. Therefore the 
behaviour of the graph of g near z = —1 
and x = 4 is as sketched below. 
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Solution to Exercise 16 


18 


(a) Ignoring all terms other than the 
dominant terms in the numerator and 
denominator of f(a) gives 


—242 


3 2 


g(x) = 


Since f(x) has the same asymptotic 
behaviour as z — oo and as z — —oo as 
g(x), we see that f(x) — —2 as x > oo, 
and f(x)  —2 as x — —oo, and the 
graph of f has a horizontal asymptote 
with equation y — —2. 


(b) The degree of the numerator of f(x) is 
one more than the degree of the 
denominator, so the graph of f has a 
slant asymptote. 

We divide the numerator of f(x) by its 
denominator using polynomial long 
division. 

2x 


22? +5 | 4x? -0z2 + 0z—1 


4x? + Ox? + 10r 
—10z-1 


(Check: 
(22) (2x? + 5) + (—10x — 1) 
= 4z? + 10x — 102 — 1 
= 4a? — 1.) 
It follows that 
10x 1 
= 2g — À 
i EE comer: 
'The proper rational expression here tends 
to 0 as z > oo and as z — —oo. So we 
see that f(x) oo as x > oo and 
f(x) — —oo as x — —oo, and the graph 
of f has a slant asymptote with equation 
y = 2x. 


(c) The degree of the numerator of f(x) is 
one more than the degree of the 


denominator, so the graph of f has a 
slant asymptote. 


We divide the numerator of f(x) by its 

denominator using polynomial long 
division. 
e+ 2 
82? + 27 | 8z* + 162? + 0x? + 77 — 11 
824+ Ox? + Ox? + 27x 

16x? + Ox? — 20x — 11 

16x? + 0x? + Ox +54 

— 20x — 65 


(Check: 

(x + 2)(82? + 27) + (—20x — 65) 

= 8z* + 272 + 162? + 54 — 20x — 65 

= 8z* + 1623 + 7z — 11.) 
It follows that 
20x + 65 
8x3 +27 
The proper rational expression here tends 
to 0 as > oo and as z — —oo. So we 
see that f(x) oo as x > oo and 
f(x) — —oo as z — —oo, and the graph 
of f has a slant asymptote with equation 
y-—arz-42. 


f(z) -v*2— 


Solution to Exercise 17 


(a) Since f(1) = 2 and f(-1) =—3, f is 
neither an even function nor an odd 


function. 
(b) Since 
2 
F(=) = +(-2) 
2 
—-——-—m5 
T 
Cur 
——[-—-F-mc 
x 
= =f); 
f is an odd function. 
(c) Since 
| 2(-2)* — (-z)? +1 
Jia) M (=x)? +5 
_ Weta? +1 
|» 8545 


f is an even function. 


Solution to Exercise 18 


The steps in each solution correspond to 
those in the graph-sketching strategy. 


(a) The function is 
5 
f(z) = (2-3) 


1. The denominator (x — 3)? of f(x) is 
0 only when x = 3, so the domain of 
f is (—00,3) U (3,00). Therefore the 
line z — 3 is a vertical asymptote of 
the graph of f. 


2. The y-intercept is 


__° 8 
f(0) (—3)2 9 
The equation f(x) = 0 is 
5 
G3 


which has no solutions. Hence there 
are no z-intercepts. 


3. "We have 


na. 10 
f(z) = 76-39 


Thus the equation f'(x) = 0 has no 
solutions, so there are no stationary 
points. 


4. The table of signs for f'(x) is as 
follows. 


Hence f is increasing on the interval 
(—oo,3) and decreasing on the 
interval (3,00). That is, f is 
increasing on the left and decreasing 
on the right of the vertical asymptote 
r=3. 


5. Since f(x) is a proper rational 
function, f(x) — 0 as z > oo and 
f(x) — 0 as x + —oo, and the graph 
of f has a horizontal asymptote with 
equation y = 0. 


Solutions to exercises 


Since f is increasing at the far left 
and decreasing at the far right, the 
graph of f approaches its horizontal 
asymptote from above at both the 
far left and the far right. 

Since f(1) = 2 and f(-1) = 3, f is 
neither an even function nor an odd 
function. Note, however, that the 
graph of f is a horizontal translation 
by +3 of the function g with rule 
g(x) = 5/x?, which is an even 
function. We can therefore conclude 
that the graph of f has the line 

x = 3 as an axis of symmetry. 


The denominator of f(x) is positive 
for all values of x in the domain of f, 
so f is always positive. 


'The graph of f is shown below. 


f(x) = 


E) 


(b) The function is 


2+3 
The domain of f is R, and there are 
no vertical asymptotes. 


The y-intercept is f (0) = 0. 


Multiplying both sides of the 
equation f(z) = 0 by —(z? + 3) gives 


r? — 0, so r-—0. 


Hence the only z-intercept is 0. 
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3. By the quotient rule, 
z^? +3) x 32? — a? x 2g 
yl ee 
(a? + 3) 
x(x? + 9) 
(x? +3)? © 
Multiplying both sides of the 
equation f'(x) = 0 by —(z? +3)? 
gives 


z?(z?--9)— 0, so z-—0. 


Hence the only stationary point of f 
is 0. Since f(0) = 0, the coordinates 
of the stationary point are (0,0). 


The table of signs for f'(x) is as 
follows. 


Hence f is decreasing on the left and 
on the right of the stationary point, 
so the stationary point is a point of 
inflection. 


4. (Not applicable.) 


5. We can divide the numerator of f(z) 
by the denominator using polynomial 
long division, as follows. 


— z 
z? 0x +3 | —2z? + 0x? + Or +0 
=z’ + 0z? — 3x 
3x 
(Check: 
—az(a? +3) - 3x = —a? — 32 + 3x 
= —a?.) 
Hence 
Ja) = -r+ a5. 
x? +3 


It follows that f(x) > —oo as z — oo 
and f(x) — oo as x — —oo, and the 
graph of f has a slant asymptote 
with equation y = —2. 
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Since 3z/(x? + 3) is positive for 

x > 0 and negative for x < 0, the 
graph lies above this asymptote for 
x > 0 and below it for x « 0. 


6. Since 
___ (cay 
f(-x) = a) +3 
x3 
- Cg 
= — f(x), 


f is an odd function. 


The graph of f is shown below. 


(c) The function is 


1 1 
fx) = r? +4r+3  (#+3)(24+1) 
1. The denominator (x + 3)(x + 1) of 
f(z) is 0 when z = —3 and x = —1. 
So the domain of f is 
(—oo, —3) U (-3, - 1) U (-1, 00), and 
the lines z = —3 and x = —1 are 
vertical asymptotes of the graph of f. 


2. The y-intercept is f(0) = i. 


The equation f(x) = 0 is 
1 
e+4c+3 
which has no solutions. Hence there 
are no z-intercepts. 


2 


Writing f(x) = (x? + 4x + 3)! and 
applying the chain rule gives 

f'(z) = —(z? + Ax + 3) ?(2z + 4) 

2r +4 
(x? + Ax + 3)? 
2x +4 

((x + 3)(x + 1))2 
Multiplying both sides of the 
equation f'(x) = 0 by 
— ((z + 3) (x + 1))? gives 

2r7--4—0, so r—-2. 


Hence the only stationary point of f 
is —2. Since f(—2) = 1/(-1) = —1, 
the coordinates of the stationary 
point are (—2, —1). 


For reasons of space the following 
table of signs for f'(x) is split into 
two parts. 


Hence f is increasing on the left and 
decreasing on the right of the 
stationary point, so the stationary 
point is a local maximum. 


From the table of signs for f’(x) we 
see that f is increasing on the 
intervals (—oo, —3) and (—3, —2), 
and decreasing on the intervals 
(—2, —1) and (—1,oo). That is, f is 
increasing on both sides of the 


vertical asymptote r — —3, and f is 
decreasing on both sides of the 
vertical asymptote r — —1. 


Solutions to exercises 


Since f(x) is a proper rational 
function, f(x) > 0 as x — oo and 
f(x) — 0 as x + —oo, and the graph 
of f has a horizontal asymptote with 
equation y = 0. 


Since f is increasing at the far left 
and decreasing at the far right, the 
graph of f approaches its horizontal 
asymptote from above at both the 
far left and the far right. 

Since f(2) = 4k and f(—2) = -1, 

f is neither an even function nor an 
odd function. 


The graph of f is shown below. 


YA 


Sv 


pe wail 


(d) The function is 


4 
SO) = xav 


The domain of f is IR, and there are 
no vertical asymptotes. 


The y-intercept is f(0) = 0. 


Multiplying both sides of the 
equation f(x) = 0 by 2x? +3 gives 


4x —0, so x=0. 


Hence the only x-intercept is 0. 
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3. By the quotient rule, Hence f is increasing on the interval 
(222 +3) x 4— 4a x 4x (—V6/2, 6/2) and decreasing on 
f(z) =  Qe2+32  —— the intervals (—oo, —V/6/2) and 
~ (2x2 +3) Since f'(x) is negative to the left and 


positive to the right of the stationary 
point —/6/2, it follows that —/6/2 


is a local minimum of f. 


Multiplying both sides of the 
equation f'(x) = 0 by —(2z? + 3)? 


gives 
Since f'(x) is positive to the left and 
827 -12=0, so r= v6 negative to the right of the 
2 stationary point V/6/2, it follows that 
Therefore the stationary points of f V6 /2 is a local maximum of f. 
are —V/6/2 and V/6/2. Since 4. (Not applicable.) 
f | v6 HE. (—V6/2) 5. Since f(a) is a proper rational 
2] 2(-V6/2)2+3 function, f(x) — 0 as z — oo and 
f(x) — 0 as x > —oo, and the graph 
= _ 2v6 of f has a horizontal asymptote with 
6 equation y = 0. 
= V6 Since f is decreasing at both the far 
8 left and the far right, the graph of f 
and approaches its horizontal asymptote 
V6 4 (V6 / 2) from below at the far left and from 
f 9 = 2(/6/2) +3 above at the far right. 
6. Since 
= 2/6 —4-x 
6 f(72) = 37532 3 
B V6 4x 
g^ — 223243 
the coordinates of the stationary = —f(x), 


points are (—V6/2, —/6/3) and 
(v6/2, 6/3). 

The following table of signs for f'(x) 
is split into two parts. 


f is an odd function. 


'The graph of f is shown below. 


YA 
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Solutions to exercises 


Solution to Exercise 19 (The following alternative solution uses 
(a) By the product to sum identity for cosine, the double-angle identity for sine: 
cot x / cot x 
— da = a 
cos(2x) cos(3x) dx 1+ cot? x cosec? x 
| f cosx/sinzg 
= fe cos(2z + 3x) + $ cos(2x — 3x)) dz E 1/sin? x 
E Zr cos(5x) + cos(—2)) da = E 
ET = | isin(22)dz 
=5 (cos( (52) + cos x) dz 2 
01 
= i(isin(5r)--sinz) +c = —4 cos(2z) + c. 
= db (sin(5x) + 5sin z) + c. You may like to convince yourself that 


> " the results are equivalent!) 
(b) By the identity sin“ z = 1 — cos* x, 


Solution to Exercise 20 
f sin? z cos? x dx 


d 
(a) Let x = 3secu; then m = 3secu tan u. 
u 
= [ z cos? z sin z dx Also, u = sec 1 (r/3). So 


um 
= fii- co z)? cost z sin x dz. bom 


du . W 2p 
Let u = cos z; then — = — sin x. The [BÉ ese x 3secutanudu 
da 6secu 


integral becomes | 3 / sec? u — 
-fa — cos? x)? cos! z(— sin x) dz 2 


=— fo — u?)?u4 du 


E assudg 


-4 f Viana tanudu 


= 8 | tan? udu 
= = feo me ey du 
3 2 
= 2 | (secu — 1) du 
=- (uP deg) jf 
= —4 cos? x + 2cos'z — i cos? £ + c. = $(tanu — u) +c 
ı/T ET 
(c) By the identity 1 + cot? x = cosec? z, =3 (tan (sec ! 6) —sec ! (2)) te. 
cot x cot az d 
————3— dx = | —— dx. = . NENNT. 
/ I35cot? f Pos (b) Let x pe u; then qu ee t Also, 
Let u = cosec x; then u=tan™ x. So 
du | zm 
d — cosec x cot x. L? +1 
. 1 
The integral becomes = f — ~ sec? nda 
1 tan? uvtan? u + 1 
— f ——— (— cosec x cot x) dz l sec? u d 
cosec? z S eee | 
1 tan? uv sec? u 
=— / — du j secu 
u = z du 
1 tan* u 
= — -+ C 1 
- S 
tanu tanu 
= Denker T + C 
: is * = / cosec u cot u du 
—58m rcc 


= — cosecu + c 


= — cosec(tan ! x) + c. 


23 


Exercise Booklet 7 


Solution to Exercise 21 
(a) We have 
r? — 4r +5= (x-2) -4+5 
= (x-2) +1. 


d 
Let u = z — 2; then — — 1. So 
da 


1 1 
| 2-97] uou 


1 
- fane 


= tan luc 


= tan !(z — 2) + c. 


(b) The expression 2x — z? in 
completed-square form is 1 — (x — 1)?. 


Let x —1=sinu, thus x = sinu + 1. 


Then = = cosu. Also, u = sin ! (x — 1). 
u 


So 
r+3 
v2x — x? 
ay eee 
V1- (x—1) 
E sin u + 4 
V1-—sin? u 
| fsinu+4 
v cos? u 
= f(sinu+a)du 
= — cosu + 4u +c 
= — cos (sin! (x — 1)) 
+4sin™ (z — 1) +c. 
(c) We have 
zg’ +6r+5= (x +3) -9+5 
= (x +3) — 4. 


Let x 4-3 = 2secu, thus z = 2secu — 3. 


dx 


cos udu 


cos udu 
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d 
Then SC = 2secutanu. Also, 
du 
u = sec !((a + 3)/2). So 
ER LO Y 
Va2-+6x+5 
3 
= WE c ERES 
y(x 4-3)? —4 
= 2 secu 
VA4Asec? u — 4 
Joe 
= | —— du 
2y sec? u — 1 
sec? utan u 


=2 | —— du 
vtan? u 


a 2 f sec? udu 


= 2tanu+c 


= 2tan ca (2:3)) +c. 


Solution to Exercise 22 
(a) sinh(In2) 2 4(e™? — e7 ^?) 


x 2 sec u tan udu 


ln3  ,—1n3 
(b) tanh(In 3) : E 


(c) cosh(—5) — 74.2099 (to 4 d.p.). 
(d) sinh ^! (2) = 1.4436 (to 4 d.p.). 


Solution to Exercise 23 
(a) sinh(2z) = (e° — e?7) 
Z i ((e*)? — (e~*)*) 
-i((e* - e-*)(e* +e) 
=2 (3(e* —e ?)x i(e* + e *)) 
= 2sinh z cosh x. 


coth? x — 1 
1 


tanh? x 7 


x —a\ 2 
(25) 
€" —€ 
_ (e? e) (e-e 
7 e?* + 2e*e-* + e ?* E e?* + 2e*e-* — e ?* 
(e? = poe 


md d 


= cosech? z. 


We have 


(S = =) 
2tanhz —— e* +e 2 
1+tanh?2 -. e? —ec9 AT 
Multiplying the numerator and 
denominator by (e* + e~*)? gives 
2(e* — e^ *)(e* + e7?) 
2(e?* + e*e^* — e*e-* — e-27) 


e2* + 2ete—t + e-2* + e2* — 9ete—t + e-2* 


7 2(e* = g- 
m 2(ev + e727) 
= tanh(2z). 
So 
2tanh x 


tanh(2x) = ————_—. 
(n) 1 + tanh? x 


Solution to Exercise 24 


(a) By the chain rule, 


f' (x) = 2sech? (2x). 


(b) By the product rule, 


f'(x) = sinh x sech? x + tanh x cosh x 
= sinh z (sech? x + 1). 


Solutions to exercises 


(c) By the chain rule, 


f'(x) = e***** x sinha 


= sinh x e2% v. 


Solution to Exercise 25 


(a) [ cosn(2a + 3) dz = $sinh(2z + 3) + c. 
(b) | cosh? x dz = / cosh? x cosh x da 


= fo + sinh? x) cosh x dz. 


Let u = sinh z; then = = cosh x. The 
z 


integral becomes 
2 = 1,,3 
far )du=u+ gw tc 
= sinh x + isinh? tc. 

(c) Integrating by parts gives 

n dx 

= x x $cosh(2z) — / 1 x 4 cosh(2z) dz 

= iv cosh(2z) — 4 sinh(2z) + c. 
Solution to Exercise 26 

d 
(a) Let x = 3sinh u; then m = 3cosh u. 
u 


Also, u = sinh! (z/3). So 
] a’ 
—— dz 
9 + x2 
- f 1 
V9 + 9sinh” u 
3 cosh 
_ I cosh u d 
3V1 +sinh? u 
cosh u 


= | —— du 
V cosh? u 


= fiau 


—u-c 
=snh (=) 
sin 3 +é 


x 3 cosh u du 
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(b) We have 


4x32—1-— 4 (a? — 1) = 24/2? — 1. 


dr . 
Let x = $ cosh u; then n~ + sinh u. 
u 


Also, u = cosh ! (2x). So 
| yer 
———— dx 
4x? — 1 
om 
= | ———adzr 
2 x? — 4 
-f 1 
2,/4 cosh? u — i 


= + sinh u 
2x SEN ees u— 


1 sinh u 


—— du 
V sinh? z 


i fidu 


uc 
cosh” * (2) + c. 


x i sinh u du 


Nle Nle Nie 


d 
(c) Let x = sinh u; then m = cosh u. Also, 
u 
u = sinh ^! z. So 
rcl 
Up 
sinh u + 1 
v sinh? x + 1 
sinh u + 1 
v cosh? u 


= nr + 1)du 


= coshu +u +c 
= cosh(sinh ! x) + sinh! x + c. 


cosh u du 


cosh u du 


Solution to Exercise 27 


Each of the solutions to this exercise is 
preceded by a comment explaining how the 
method of integration was chosen. 


(a) The integrand is a standard function of 
the linear expression 3x + 2, so use the 
linear expression rule: 


nz = 4 x {(3z + 2)* + 


= (3x +2) +e. 
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(b) The integrand is again a standard 


x 


function of the linear expression 3z + 2: 


1 
E 
T 


= i x (3x +2)? +c 
Vər +2 +c. 


The derivative of —x* is —2x, which is the 
same as 4x apart from the coefficient, so 
the integrand can be written in the form 


wl wile 


N 


constant x e?emething 


x the derivative of the something. 


So use integration by substitution. 


Let u = —2z?; then E —2x. So 
da 


fae” dz = -2 fecum dx 
= -2 f e du 


= —2e” +c 
= 2e +c. 


The integrand involves the square root of 
an expression of the form a? + z?, so try 
a hyperbolic substitution. 


Let r = 3sinhu; then = = 3coshu. 
u 


Also, u = sinh! (z/3). So 


] 979 

= J VDF Isimu (8 cosh w) du 
- f 1 + sinh? u (3 cosh u) du 
= Ji V cosh? u (cosh u) du 


= 9 [ cosh? udu. 


By the half-variable identity for cosh, the 
integral becomes 


d 


$ (cosh(2u) + 1) du 
=}? n" sinh(2u) )+u) +c 
= = ?sinh (2 sinh (S ) + = 3 sinh" (=) +c. 


(e) The integrand involves an expression of 


the form a? — z?, so try a trigonometric 


substitution. 


d 
Let x = 2sin u; then m — 2cosu. Also, 
u 
u = sin !(z/2). So 


—— dz 
v4 — x? 
o 4sinu u 


V4— Asin? u 


qe ucosu 
—[————du 
24/1 — sin? u 


(2 cosu) du 


sin? u cos u 


v cos? u 


= a f si’ udu. 


By the half-angle identity for sine, the 
integral becomes 


af 4 (1 — cos(2u)) du 
— 2 (u — $sin(2u)) + c 
= Sein (5) — sin (2sin™' (2)) +c. 


The integrand is a rational expression, so 
find its partial fraction expansion. 


=A4 


We have 
1 7 1 
xr? +7r+12 (x+3)(z+4) 
mE B 
"E438 ata 


where A and B are constants. 


Using the cover-up method with r = —3 
gives 
1 
A= =]; 
—3 + 4 
Using the cover-up method with r = —4 
gives 


B= 


Therefore 
1 od 1 
z2-'7z2--19 x43 r4 
(Check: when x = 0, LHS = + and 
RHS-1-1- 4) 


4 12 


Solutions to exercises 


So 


l d 
ve IEEE RD 


= 1 i 
i +3 a+4 7 
=In|x -3| — In|y -- 4| +c 


— |n 


+3 E 
C. 
rt+A4 


(g) The integrand can be modified so that it 
involves an expression of the form 
x? + a?, so try a trigonometric 
substitution. 


We have 


1 1 
— a oe e. 
] zz i fu i 


d 
Let z = v3 tan u; then T = V3sec? u. 
u 


Also, u = tan^! (z/4/3). So the integral 
becomes 
1 
1 2 
| sm ur) du 
H af V3 sec? u du 
3(tan? ucl 


KIM 


sec? 


Rx 


(h) The integrand is an improper rational 
expression, so find its partial fraction 
expansion. 


r—2 
z?-F2xz -1| z?-- 0x? 0r 44 


—2x^— r4 
— 93? — 4r +2 
39r 4-6 
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So the quotient on dividing x? + 4 by 


x? +22 + 1 is x — 2, and the remainder is 


3x + 6. Hence 
x? +4 3x +6 
ge a 
z?--2r41 r?--2r 41 
3x: 4-6 
E IRE ERE Sc 
b TED 
Now 
3x 4-6 A B 


OI] 221 m 
where A and B are constants. 


Using the cover-up method with x = —1 


gives 
pute CFG... 
1 
So 
3zr+6 A 3 
Gai? ri Ger 


Multiplying both sides by (x + 1)? gives 
32 4-6 — A(x 4-1) 43. 

Substituting x = 0 gives 
6=A+3, so A=3B. 


Hence 
35rr6 — 3 | 3 
(zr--1? xr+1 (r1? 
So 
r? +4 3 3 
= ru iesicsd E 
tatl | UIT Gade 


(Check: when x — 0, LHS — 4 and 
RHS = -2 +3 + 3 = 4.) 


Therefore 
r? +4 
] zi 
3 3 
- —24 —— +——, }d 
Ie 'zutceu) i 


3 
= ia? — 2r + 3n |£ + 1] - —— +c. 
r-l 
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(i) The expression z — 4 becomes simpler 
when differentiated, and the expression 
sin(3r) can be integrated. So try 
integration by parts: 


f (oA) sina) de 


= (x — 4) x &(— cos(3z)) 


- fi x 3(—cos(3zx)) dx 


4) cos(3x) + t f cos(32) da 


= $(4— z) cos(3x) + $ x $ sin(3z) + c 


= $(4— x) cos(3x) + $ sin(3x) + c. 


(j) The identity sin 20 = 2 sin 0 cos 0 can be 
used to rewrite the integrand: 


f i52 cos(2x) dz 


= 2 f sinas) dz 
—2 x (-icos(4z)) +c 


= —i cos(4z) + c. 


Il 
| 
l 
8 
| 


(k) The derivative of 4x? + 1 is 8x, which is 
the same as 3x apart from the coefficient, 
so the integrand can be written in the 
form 

1 
something 
x the derivative of the something. 


constant x 


So use integration by substitution. 


Let u = Az? + 1; then Le 8r. So 
da 


3x 8x 
————drx23]|-——d 
lea sf JE T 


1 
EN: 
=} [Zau 
= ilIn|u| +c 


= i In(4z? +1) +c. 


